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QUANTUM QUASI-SHUFFLE ALGEBRAS
RUN-QIANG JIAN, MARC ROSSO, AND JIAO ZHANG
Abstract. We establish some properties of quantum quasi-shuffle algebras.
They include the necessary and sufficient condition for the construction of the
quantum quasi-shuffle product, the universal property, and the commutativity
condition. As an application, we use the quantum quasi-shuffle product to
construct a linear basis of T (V ), for a special kind of Yang-Baxter algebras
(V,m, σ).
1. Introduction
Quasi-shuffle algebras are a generalization of shuffle algebras. They first arose
in [10] for the study of the cofree irreducible Hopf algebra built on an associative
algebra. There, K. Newman and D. E. Radford constructed an associative algebra
structure on T (U), for an algebra U , by combining the multiplication of U and
the shuffle product of T (U). These algebras have their particular interest in many
branches of algebra and a number of applications have been found in the past
decade. For example, they are used in the study of commutative TriDendriform
algebras [7], Rota-Baxter algebras [2], and multiple zeta values [4].
After the birth of quantum groups, many algebraic objects were better under-
stood in the more general framework of braided categories. For example, shuffle
algebras, special examples of quasi-shuffle algebras, had been quantized in [13] ten
years ago, and led to a more intrinsic understanding of quantum enveloping al-
gebras. The next task was to find a suitable way to quantize the quasi-shuffle
algebra. There were some attempts, for example, [1] and [4]. For a braided vector
space (V, σ), in order to study all associative algebra structures on T (V ) which
are compatible with the "twisted" deconcatenation coproduct, [5] introduced the
notion of quantum B∞-algebras. The quantum B∞-algebra provides a suitable
framework for the quantization of quasi-shuffle algebras in the spirit of quantum
shuffle algebras ([13]), by replacing the usual flip with a braiding. The resulting
algebras, called quantum quasi-shuffle algebras, are the generalization of quantum
shuffle algebras and provide Yang-Baxter algebras. Because of the importance of
quasi-shuffle algebras, it seems quite reasonable to study quantum quasi-shuffle
algebras for themselves as new algebraic objects, not just as special quantum B∞-
algebras. This paper is the first step in this direction. As a starting point, we
expect that the quantum quasi-shuffle algebra can inherit some good properties of
the classical one, or have some "q-analogues" of those in the classical case. We
first investigate when and how we can construct the quantum quasi-shuffle product
Key words and phrases. Quantum quasi-shuffle algebra, connected twisted Yang-Baxter bial-
gebra, Lyndon word.
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on the tensor space T (V ) over a braided vector space (V, σ). Universal properties
always play an important role in the study of algebras. So we provide the universal
property of quantum quasi-shuffle algebras in a suitable category. We also study
the commutativity of the algebra and present a linear basis of T (V ) for a special
kind of Yang-Baxter algebras (V,m, σ) by using Lyndon words.
This paper is organized as follows. In Section 2, we recall the construction of
quantum quasi-shuffle algebras and study the necessary and sufficient condition for
the construction. In Section 3, we provide a universal property of quantum quasi-
shuffle algebras in the category of connected twisted Yang-Baxter bialgebras and
discuss the commutativity of quantum quasi-shuffle algebras. In Section 4, for a
special kind of Yang-Baxter algebras (V,m, σ), we provide a linear basis of T (V )
by using the quantum quasi-shuffle product and Lyndon words.
Notations
In this paper, we denote by K a ground field of characteristic 0. All the objects
we discuss are defined over K.
The symmetric group of n letters {1, 2, . . . , n} is written by Sn. An (i, j)-shuffle
is an element w ∈ Si+j such that w(1) < · · · < w(i) and w(i+ 1) < · · · < w(i+ j).
We denote by Si,j the set of all (i, j)-shuffles.
A braiding σ on a vector space V is an invertible linear map in End(V ⊗ V )
satisfying the quantum Yang-Baxter equation on V ⊗3:
(σ ⊗ idV )(idV ⊗ σ)(σ ⊗ idV ) = (idV ⊗ σ)(σ ⊗ idV )(idV ⊗ σ).
A braided vector space (V, σ) is a vector space V equipped with a braiding σ. For
any n ∈ N and 1 ≤ i ≤ n−1, we denote by σi the operator id
⊗(i−1)
V ⊗σ⊗id
⊗(n−i−1)
V ∈
End(V ⊗n). For any w ∈ Sn, we denote by Tw the corresponding lift of w in the
braid group Bn, defined as follows: if w = si1 · · · sil is any reduced expression of
w, where si = (i, i + 1), then Tw = σi1 · · ·σil . This definition is well-defined (see,
e.g., Theorem 4.12 in [6]). Sometimes we also use the notation T σw to indicate the
action of σ.
The usual flip switching two factors is denoted by τ . For a vector space V , we
denote by ⊗ the tensor product within T (V ), and by ⊗ the one between T (V ) and
T (V ) respectively.
2. Quantum quasi-shuffle algebras
We start by recalling some definitions. In the following, all algebras are assumed
to be associative and unital.
Definition 1 ([3]). 1. Let A = (A,m) be an algebra with product m and unit 1A,
and σ be a braiding on A. We call (A,m, σ) a Yang-Baxter algebra (YB algebra
for short) if it satisfies the following conditions:{
(idA ⊗m)σ1σ2 = σ(m⊗ idA),
(m⊗ idA)σ2σ1 = σ(idA ⊗m),
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and for any a ∈ A, {
σ(1A ⊗ a) = a⊗ 1A,
σ(a⊗ 1A) = 1A ⊗ a.
2. Let C = (C,△, ε) be a coalgebra with coproduct △ and counit ε, and σ be a
braiding on C. We call (C,△, σ) a Yang-Baxter coalgebra (YB coalgebra for short)
if it satisfies the following conditions:{
σ1σ2(△⊗ idC) = (idC ⊗△)σ,
σ2σ1(idC ⊗△) = (△⊗ idC)σ,
and {
(idC ⊗ ε)σ = ε⊗ idC ,
(ε⊗ idC)σ = idC ⊗ ε.
These definitions give a right way to generalize the usual algebra (resp. coalge-
bra) structure on the tensor products of algebras (resp. coalgebras) in the following
sense.
Proposition 2 ([3], Proposition 4.2). 1. For a YB algebra (A,m, σ) and any i ∈ N,
(A⊗i,mσ,i, T
σ
χii
) becomes a YB algebra with product mσ,i = m
⊗i ◦T σwi and unit 1
⊗i
A ,
where χii, wi ∈ S2i are given by
χii =
(
1 2 · · · i i+ 1 i+ 2 · · · 2i
i+ 1 i + 2 · · · 2i 1 2 · · · i
)
,
and
wi =
(
1 2 3 · · · i i+ 1 i+ 2 · · · 2i
1 3 5 · · · 2i− 1 2 4 · · · 2i
)
.
2. For a YB coalgebra (C,△, σ), (C⊗i,△σ,i, T σχii) becomes a YB coalgebra with
coproduct △σ,i = T σw−1
i
◦ △⊗i and counit ε⊗i : C⊗i → K⊗i ≃ K.
We call mσ = mσ,2 the twisted algebra structure on A ⊗ A and △σ = △σ,2 the
twisted coalgebra structure on C ⊗ C.
Let (V, σ) be a braided vector space. For any i, j ≥ 1, we denote
χij =
(
1 2 · · · i i+ 1 i+ 2 · · · i+ j
j + 1 j + 2 · · · j + i 1 2 · · · j
)
,
and define β : T (V )⊗T (V ) → T (V )⊗T (V ) by requiring that βij = T σχij on
V ⊗i⊗V ⊗j . For convenience, we denote by β0i and βi0 the usual flip map τ .
Then (T (V ),m, β) is a YB algebra, where m is the concatenation product.
Another example of YB algebras is the quantum shuffle algebra (see [13]). For
a braided vector space (V, σ), one can constuct an associative algebra structure on
T (V ) by: for any x1, . . . , xi+j ∈ V ,
(x1 ⊗ · · · ⊗ xi)xσ(xi+1 ⊗ · · · ⊗ xi+j) =
∑
w∈Si,j
Tw(x1 ⊗ · · · ⊗ xi+j).
The space T (V ) equipped with xσ is called the quantum shuffle algebra and denoted
by Tσ(V ). We have that (Tσ(V ), β) is a YB algebra.
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We define δ to be the deconcatenation on T (V ), i.e.,
δ(v1 ⊗ · · · ⊗ vn) =
n∑
i=0
(v1 ⊗ · · · ⊗ vi)⊗(vi+1 ⊗ · · · ⊗ vn).
We denote by T c(V ) the coalgebra (T (V ), δ, ε) where ε is the projection from T (V )
to K. The coalgebra T c(V ) is the cotensor coalgebra (see [11]) over the trivial Hopf
algebra K. Here V is a Hopf bimodule with scalar multiplication and coactions
defined by δL(v) = 1 ⊗ v and δR(v) = v ⊗ 1 for any v ∈ V . (T c(V ), β) is a YB
coalgebra.
Now we review the construction of the quantum quasi-shuffle algebra which was
given as a special example of quantum B∞-algebras in [5].
Let (V, σ) be a braided vector space and for any p, q ≥ 0, Mpq : V
⊗p⊗V ⊗q → V
be a linear map such that 

M00 = 0,
M10 = idV = M01,
M11 = m,
Mpq = 0, otherwise.
We denote
⋊⋉σ= ε⊗ ε+
∑
n≥1
M⊗n ◦ △
(n−1)
β : T
c(V )⊗T c(V )→ T c(V ),
where M = (Mpq)p,q≥0, △β = (idT c(V ) ⊗ β ⊗ idT c(V )) ◦ (δ ⊗ δ) and △
(n)
β = (△β ⊗
id
⊗2(n−1)
T c(V ) )◦△
(n−1)
β inductively. It is easy to show by induction that the summation
with respect to n in the above formula is finite. Indeed, since M⊗(i+j+1) ◦△
(i+j)
β =(
(M⊗(i+j)◦△
(i+j−1)
β )⊗M
)
◦△β and the conditions forM , we have thatM⊗(i+j+1)◦
△
(i+j)
β (x⊗y) = 0, for any x ∈ V
⊗i and y ∈ V ⊗j .
To illustrate the new map ⋊⋉σ, we calculate a few examples. For any u, v, w ∈ V ,
we have
u ⋊⋉σ v = (ε⊗ ε+M ◦ △
(0)
β +M
⊗2 ◦ △
(1)
β )(u⊗v)
= M11(u⊗v)
+M⊗2
(
1⊗β10(u⊗1)⊗v + 1⊗β11(u⊗v)⊗1
+u⊗β00(1⊗1)⊗v + u⊗β01(1⊗v)⊗1
)
= M11(u⊗v) + (M01 ⊗M10)(1⊗σ(u⊗v)⊗1)
+(M10 ⊗M01)((u⊗1)⊗(1⊗v))
= M11(u⊗v) + u⊗v + σ(u⊗v)
= M11(u⊗v) + uxσv,
(u ⊗ v) ⋊⋉σ w
= (ε⊗ ε+M ◦ △
(0)
β +M
⊗2 ◦ △
(1)
β +M
⊗3 ◦ △
(2)
β )((u⊗ v)⊗w)
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= M⊗2
(
1⊗β20((u⊗ v)⊗1)⊗w + u⊗β10(v⊗1)⊗w
+(u⊗ v)⊗β00(1⊗1)⊗w + 1⊗β21((u ⊗ v)⊗w)⊗1
+u⊗β11(v⊗w)⊗1 + (u ⊗ v)⊗β01(1⊗w)⊗1
)
+M⊗3
(
△β (u⊗1)⊗(v⊗w) +△β((u ⊗ v)⊗1)⊗(1⊗w)
+(△β ⊗ idT c(V )⊗2)(1⊗β21((u⊗ v)⊗w)⊗1)
+(△β ⊗ idT c(V )⊗2)(u⊗β11(v⊗w)⊗1)
)
= u⊗M11(v⊗w) + (M11 ⊗M10)(u⊗σ(v⊗w)⊗1)
+M⊗3
(
u⊗β10(v⊗1)⊗1⊗(1⊗w) + (△β ⊗ idT c(V )⊗2)(u⊗β11(v⊗w)⊗1)
)
= u⊗M11(v⊗w) + (M11 ⊗ idV )(u⊗ σ(v ⊗ w))
+u⊗ v ⊗ w + σ2(u⊗ v ⊗ w) + σ1σ2(u⊗ v ⊗ w)
= u⊗M11(v⊗w) + (M11 ⊗ idV )(u⊗ σ(v ⊗ w)) + (u ⊗ v)xσw,
and
u ⋊⋉σ (v ⊗ w) = M11(u⊗v)⊗ w + (idV ⊗M11)(σ(u ⊗ v)⊗ w) + uxσ(v ⊗ w).
We denote by ⋊⋉σ(i,j) the restriction of ⋊⋉σ on V ⊗i⊗V ⊗j . Then we have the
following inductive formula.
Proposition 3. For i, j > 1 and any u1, . . . , ui, v1, . . . , vj ∈ V , we have
(u1 ⊗ · · · ⊗ ui) ⋊⋉σ (v1 ⊗ · · · ⊗ vj)
=
(
(u1 ⊗ · · · ⊗ ui) ⋊⋉σ (v1 ⊗ · · · ⊗ vj−1)
)
⊗ vj
+(⋊⋉σ(i−1,j) ⊗idV )σi+j−1 · · ·σi(u1 ⊗ · · · ⊗ ui ⊗ v1 ⊗ · · · ⊗ vj)
+(⋊⋉σ(i−1,j−1) ⊗m)σi+j−2 · · ·σi(u1 ⊗ · · · ⊗ ui ⊗ v1 ⊗ · · · ⊗ vj).(1)
Proof. By the definition of ⋊⋉σ, we have
(u1 ⊗ · · · ⊗ ui) ⋊⋉σ (v1 ⊗ · · · ⊗ vj)
= (ε⊗ ε+
∑
n≥1
M⊗n ◦ △
(n−1)
β )
(
(u1 ⊗ · · · ⊗ ui)⊗(v1 ⊗ · · · ⊗ vj)
)
=
i+j∑
n=2
(
(M⊗(n−1) ◦ △
(n−2)
β )⊗M
)
◦ △β
(
(u1 ⊗ · · · ⊗ ui)⊗(v1 ⊗ · · · ⊗ vj)
)
=
i+j∑
n=2
(M⊗(n−1) ◦ △
(n−2)
β )
(
(u1 ⊗ · · · ⊗ ui)⊗(v1 ⊗ · · · ⊗ vj−1)
)
⊗M01(1⊗vj)
+
i+j∑
n=2
(
(M⊗(n−1) ◦ △
(n−2)
β )⊗M10
)
◦(id⊗i−1V ⊗ β1j ⊗ idK)
(
(u1 ⊗ · · · ⊗ ui−1)⊗ui⊗(v1 ⊗ · · · ⊗ vj)⊗1
)
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+
i+j∑
n=2
(
(M⊗(n−1) ◦ △
(n−2)
β )⊗M11
)
◦(id⊗i−1V ⊗ β1,j−1 ⊗ idV )
(
(u1 ⊗ · · · ⊗ ui−1)⊗ui⊗(v1 ⊗ · · · ⊗ vj−1)⊗vj
)
=
(
(u1 ⊗ · · · ⊗ ui) ⋊⋉σ (v1 ⊗ · · · ⊗ vj−1)
)
⊗ vj
+(⋊⋉σ(i−1,j) ⊗idV )σi+j−1 · · ·σi(u1 ⊗ · · · ⊗ ui ⊗ v1 ⊗ · · · ⊗ vj)
+(⋊⋉σ(i−1,j−1) ⊗m)σi+j−2 · · ·σi(u1 ⊗ · · · ⊗ ui ⊗ v1 ⊗ · · · ⊗ vj).

It is easy to see that 1 ⋊⋉σ x = x ⋊⋉σ 1 = x for any x ∈ T c(V ), where 1 is the unit
of K. But there is no evidence that (T c(V ),⋊⋉σ) is an associative algebra. Actually,
⋊⋉σ is not associative in general. If the map M11 = m is an associative product and
is compatible with the braiding σ in some sense, it comes true.
Theorem 4. Under the above notations, (T c(V ),⋊⋉σ, β) is a YB algebra if and
only if (V,M11, σ) is a YB algebra.
Proof. Let (V,M11, σ) be a YB algebra. One can find a detailed proof in [5] for
that (T c(V ),⋊⋉σ, β) is a YB algebra in a more general setting. Because of the
simplicity of the M here, we can provide another proof by using the relation (1).
Since (T c(V ), β) is a YB coalgebra, we know that (T c(V )⊗2,△β, T βχ22) is a YB
coalgebra by Proposition 2. By using the compatibility conditions for M11 and σ
and those for △β and β, it is easy to prove that{
β(⋊⋉σ ⊗idT c(V )) = (idT c(V )⊗ ⋊⋉σ)β1β2,
β(idT c(V )⊗ ⋊⋉σ) = (⋊⋉σ ⊗idT c(V ))β2β1.
Now we show that ⋊⋉σ is associative, i.e., for any x ∈ V ⊗i, y ∈ V ⊗j , z ∈ V ⊗k,
we have x ⋊⋉σ (y ⋊⋉σ z) = (x ⋊⋉σ y) ⋊⋉σ z. If j = 0 or k = 0, there is nothing to
prove. So we assume that j, k ≥ 1, y = y′ ⊗ u and z = z′ ⊗ v, where u, v ∈ V and
y′, z′ ∈ T c(V ). By the inductive formula (1) and the above compatibility conditions
for ⋊⋉σ and β, it is easy to prove the statement by using induction on i + j + k.
Conversely, if ⋊⋉σ is associative, then for any u, v, w ∈ V , we have
(u ⋊⋉σ v) ⋊⋉σ w = (M11(u⊗v) + uxσv) ⋊⋉σ w
= M11(M11(u⊗v)⊗w) +M11(u⊗v)xσw
+(idV ⊗M11)(uxσv⊗w) + (M11 ⊗ id)(idV ⊗ σ)(uxσv⊗w)
+uxσvxσw
= [M11(M11 ⊗ idV ) + (idV + σ)(M11 ⊗ idV )
+(idV ⊗M11)((idV + σ) ⊗ idV )
+(M11 ⊗ idV )(σ2 + σ2σ1)](u⊗v⊗w)
+uxσvxσw,
and
u ⋊⋉σ (v ⋊⋉σ w) = u ⋊⋉σ (M11(v⊗w) + vxσw)
= M11(u⊗M11(v⊗w)) + uxσM11(v⊗w)
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+(M11 ⊗ idV )(u⊗vxσw) + (idV ⊗M11)(σ ⊗ idV )(u⊗vxσw))
+uxσvxσw
= [M11(idV ⊗M11) + (idV + σ)(idV ⊗M11)
+(M11 ⊗ idV )(idV ⊗ (idV + σ))
+(idV ⊗M11)(σ1 + σ1σ2)](u⊗v⊗w)
+uxσvxσw.
Therefore we have that (u ⋊⋉σ v) ⋊⋉σ w = u ⋊⋉σ (v ⋊⋉σ w) if and only if
M11(M11 ⊗ idV ) +M11 ⊗ idV + σ(M11 ⊗ idV )
+idV ⊗M11 + (idV ⊗M11)σ1 + (M11 ⊗ idV )σ2 + (M11 ⊗ idV )σ2σ1
= M11(idV ⊗M11) + idV ⊗M11 + σ(idV ⊗M11)
+M11 ⊗ idV + (M11 ⊗ idV )σ2 + (idV ⊗M11)σ1 + (idV ⊗M11)σ1σ2,
i.e.,
M11(M11 ⊗ idV ) + σ(M11 ⊗ idV ) + (M11 ⊗ idV )σ2σ1
= M11(idV ⊗M11) + σ(idV ⊗M11) + (idV ⊗M11)σ1σ2.
By comparing the degrees of the resulting tensor vectors, we must haveM11(M11⊗
idV ) = M11(idV ⊗M11).
On V⊗V⊗V , the condition (idV⊗ ⋊⋉σ)σ1σ2 = σ(⋊⋉σ ⊗idV ) implies that (idV ⊗
M11)σ1σ2 + (idV ⊗ xσ)σ1σ2 = σ(M11 ⊗ idV ) + σ(xσ ⊗ idV ). By comparing the
degrees, we get (idV ⊗ M11)σ1σ2 = σ(M11 ⊗ idV ). Similarly, we have (M11 ⊗
idV )σ2σ1 = σ(idV ⊗M11). 
The above resulting algebra (T c(V ),⋊⋉σ) is called the quantum quasi-shuffle al-
gebra over (V,M11, σ).
Remark 5. For an algebra (A,m), the quantum quasi-shuffle algebra over the
trivial YB algebra (A,m, τ) is just the classical quasi-shuffle algebra over the algebra
A.
3. Universal property and commutativity
Let (C,△, ε) be a coalgebra with a preferred group-like element 1C ∈ C. We
denote △(x) = △(x) − x ⊗ 1C − 1C ⊗ x for any x ∈ C. The map △ is also
coassociative and called the reduced coproduct. We also denote C = Kerε. Then
C = K1C ⊕ C since x− ε(x)1C ∈ C for any x ∈ C.
Definition 6 ([12]). The coalgebra (C,△) is said to be connected if C = ∪r≥0FrC,
where
F0C = K1C ,
FrC = {x ∈ C|△(x) ∈ Fr−1C ⊗ Fr−1C}, for r ≥ 1.
There is a well-known universal property for T c(V ) (see, e.g., [8]):
Proposition 7. Given a connected coalgebra (C,△, ε) and a linear map φ : C → V
such that φ(1C) = 0. Then there is a unique coalgebra morphism φ : C → T c(V )
which extends φ, i.e., PrV ◦ φ = φ, where PrV : T
c(V ) → V is the projection
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onto V . Explicitly, φ = ε+
∑
n≥1 φ
⊗n ◦ △
(n−1)
, where △
(n)
= (△
(n−1)
⊗ idC) ◦ △
inductively.
Corollary 8. Let C be a connected coalgebra. If Φ,Ψ : C → T c(V ) are coalgebra
maps such that PrV ◦ Φ = PrV ◦ Ψ and PrV ◦ Φ(1C) = 0 = PrV ◦ Ψ(1C), then
Φ = Ψ.
We will use the above properties to provide a universal property of the quantum
quasi-shuffle algebra (T c(V ),⋊⋉σ) in some category. First we describe the category
in which we will work.
Definition 9. A quadruple (H, ·,△, σ) is called a twisted Yang-Baxter (YB for
short) bialgebra if
1. (H, ·, σ) is a YB algebra,
2. (H,△, σ) is a YB coalgebra,
3. · : H ⊗H → H is a coalgebra map, where H ⊗H is equipped with the twisted
coalgebra structure. Or equivalently, △ : H → H ⊗ H is an algebra map, where
H ⊗H is equipped with the twisted algebra structure.
From the condition 3 above, we have that △(1H) = 1H ⊗ 1H .
Examples. 1. Let (V, σ) be a braided vector space. Then the quantum shuffle
algebra (Tσ(V ), β) equipped with the deconcatenation coproduct δ is a twisted YB
bialgebra (see [13]).
2. Let (V,m, σ) be a YB algebra. Then the quantum quasi-shuffle algebra
(T c(V ),⋊⋉σ, β) is a twisted YB bialgebra with the deconcatenation coproduct δ
(see [5]).
We denote by CBYB the category of connected twisted YB bialgebras. It consists
of the following data:
1. the objects of CBYB are the twisted YB bialgebras (H, ·,△, σ) such that both
H and H ⊗H are connected, where the preferred group-like elements are 1H and
1H ⊗ 1H respectively, and H ⊗H is equipped with the twisted coalgebra structure;
2. a morphism f from object (H1, σ1) to object (H2, σ2) is both an algebra map
and a coalgebra map and satisfies that (f ⊗ f)σ1 = σ2(f ⊗ f).
It is easy to see that both (T (V ),xσ, δ, β) and (T
c(V ),⋊⋉σ, δ, β) are in CBYB.
Lemma 10. Let (V1, σ1) and (V2, σ2) be two braided vector spaces and f : V1 → V2
be a morphism of braided vector spaces, i.e. a linear map such that σ2(f ⊗ f) =
(f ⊗ f)σ1. Then for any i, j ≥ 1, T σ2χij (f
⊗i ⊗ f⊗j) = (f⊗j ⊗ f⊗i)T σ1χij .
Proof. We use induction on i+ j.
When i = j = 1, it is trivial.
For i+ j ≥ 3, we have
T σ2χij (f
⊗i ⊗ f⊗j) = (T σ2χi−1,j ⊗ idV2)(id
⊗i−1
V2
⊗ T σ2χ1,j )(f
⊗i ⊗ f⊗j)
= (T σ2χi−1,j ⊗ idV2)(f
⊗i−1 ⊗ T σ2χ1,j (f ⊗ f
⊗j))
= (T σ2χi−1,j ⊗ idV2)(f
⊗i−1 ⊗ f⊗j ⊗ f)(id⊗i−1V1 ⊗ T
σ1
χ1,j
)
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= (f⊗j ⊗ f⊗i)(T σ1χi−1,j ⊗ idV1)(id
⊗i−1
V1
⊗ T σ1χ1,j )
= (f⊗j ⊗ f⊗i)T σ1χij .

Lemma 11. Let (C,△, σ) be a YB coalgebra and 1C be a group-like element of C.
If σ(1C ⊗ x) = x⊗ 1C and σ(x⊗ 1C) = 1C ⊗ x for any x ∈ C, then we have{
(idC ⊗△)σ = σ1σ2(△⊗ idC),
(△⊗ idC)σ = σ2σ1(idC ⊗△).
Proof. It follows direct computations. 
Let (V,m, σ) be a YB algebra. We have the following universal property in
CBYB.
Proposition 12. For any (H, ·,△H , α) ∈ CBYB and a linear map f : H → V
such that m ◦ (f ⊗ f) = f ◦ · on H ⊗H, f(1H) = 0 and (f ⊗ f)α = σ(f ⊗ f), there
exists a unique morphism f : H → (T c(V ),⋊⋉σ, δ, β) which extends f .
Proof. Observe that the condition on f means that: ∀x, y ∈ H, f(xy) = f(x)f(y)+
ε(x)f(y) + ε(y)f(x). Since f(1H) = 0 and H is connected, there is a unique coal-
gebra map f : H → T c(V ) which extends f . More precisely, f = εH +
∑
n≥1 f
⊗n ◦
△H
(n−1)
.
We first prove that β(f ⊗ f) = (f ⊗ f)α. We only need to verify it on H ⊗H.
We have
β(f ⊗ f) = β(
∑
i,j≥1
(f⊗i ⊗ f⊗j)(△H
(i−1)
⊗△H
(j−1)
))
=
∑
i,j≥1
T σχij (f
⊗i ⊗ f⊗j)(△H
(i−1)
⊗△H
(j−1)
)
=
∑
i,j≥1
(f⊗j ⊗ f⊗i)Tαχij (△H
(i−1)
⊗△H
(j−1)
)
=
∑
i,j≥1
(f⊗j ⊗ f⊗i)(△H
(j−1)
⊗△H
(i−1)
)α
= (f ⊗ f)α,
where the third and the forth equalities follow from Lemma 10 and Lemma 11
respectively.
The next step is to prove that f is an algebra map. We define two maps:
F1 : H ⊗H → T
c(V ),
h⊗ g 7→ f(h) ⋊⋉σ f(g),
and
F2 : H ⊗H → T
c(V ),
h⊗ g 7→ f(hg).
We claim that both F1 and F2 are coalgebra maps, where H ⊗H is equipped with
the twisted coalgebra structure.
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Indeed,
δ ◦ F1 = δ◦ ⋊⋉σ (f ⊗ f)
= (⋊⋉σ ⊗ ⋊⋉σ)△β (f ⊗ f)
= (⋊⋉σ ⊗ ⋊⋉σ)(idT c(V ) ⊗ β ⊗ idT c(V ))(δ ⊗ δ)(f ⊗ f)
= (⋊⋉σ ⊗ ⋊⋉σ)(idT c(V ) ⊗ β ⊗ idT c(V ))(δ ◦ f ⊗ δ ◦ f)
= (⋊⋉σ ⊗ ⋊⋉σ)(idT c(V ) ⊗ β ⊗ idT c(V ))(f ⊗ f ⊗ f ⊗ f)(△H ⊗△H)
= (⋊⋉σ ⊗ ⋊⋉σ)(f ⊗ β(f ⊗ f)⊗ f)(△H ⊗△H)
= (F1 ⊗ F1)(idH ⊗ α⊗ idH)(△H ⊗△H)
= (F1 ⊗ F1)△α .
And
δ ◦ F2 = δ ◦ f ◦ ·
= (f ⊗ f) ◦ △H ◦ ·
= (f ⊗ f)(· ⊗ ·)(idH ⊗ α⊗ idH)(△H ⊗△H)
= (F2 ⊗ F2)△α .
For any h, g ∈ H , we have
PrV ◦ F1(h⊗ g) = PrV (f(h) ⋊⋉σ f(g))
= PrV
(∑
n≥1
M⊗n△
(n−1)
β (f(h)⊗ f(g))
)
= M(f(h)⊗ f(g))
=
∑
i,j≥1
Mij((f
⊗i ⊗ f⊗j)(△H
(i−1)
(h)⊗△H
(j−1)
(g))
= M11(f ⊗ f)(h⊗ g)
= f ◦ ·(h⊗ g)
= PrV ◦ F2(h⊗ g).
Now, for any h, g ∈ H , write h = h + ε(h)1, g = g + ε(g)1. We have: h ⊗
g = h ⊗ g + ε(h)1 ⊗ g + ε(g)h ⊗ 1 + ε(h)ε(g)1 ⊗ 1, so PrV ◦ F1(h ⊗ g) = PrV ◦
F1(h ⊗ g) + ε(h)f(g) + ε(g)f(h). Also, hg = hg + ε(h)g + ε(g)h + ε(h)ε(g)1, so
PrV ◦F2(h⊗g) = PrV ◦F2(h⊗g)+ε(h)f(g)+ε(g)f(h), and we have again equality.
Since H ⊗ H is connected with the twisted coalgebra structure, F1 = F2 follows
from the Corollary 8. 
Now we begin to discuss the commutativity of quantum quasi-shuffle algebras.
In the classical case, if A is a commutative algebra, then the quasi-shuffle algebra
built on A is also commutative (see, e.g., [4, 10]). But for quantum quasi-shuffle
algebras, because of the complexity of the braiding, it is not reasonable and in fact
not possible to require this even thought the YB algebra is commutative in the
usual sense. It is much more suitable to discuss the commutativity in the sense of
braided category. This demands extra crucial conditions for the braiding and the
multiplication.
Definition 13. A YB algebra (A,m, σ) is called twisted commutative if m◦σ = m.
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Examples. 1. Let (A,m) be an algebra. Then the trivial YB algebra structure
(A,m, τ) is twisted commutative if and only if A is commutative.
2. Let V be a vector space over C with basis {e1, . . . , eN}. Take a nonzero scalar
q ∈ C. We define a braiding σ on V by
σ(ei ⊗ ej) =


ei ⊗ ei, i = j,
q−1ej ⊗ ei, i < j,
q−1ej ⊗ ei + (1− q
−2)ei ⊗ ej , i > j.
Then σ satisfies the Iwahori’s quadratic equation (σ−idV⊗V )(σ+q−2idV⊗V ) = 0. In
fact, this σ is given by the R-matrix in the fundamental representation of UqslN . We
denote
∧
σ(V ) = T (V )/I, where I is the ideal of T (V ) generated by Ker(idV ⊗2−σ).
By an easy computation, we get that Ker(idV⊗V −σ) = SpanC{ei⊗ei, q
−1ei⊗ej+
ej ⊗ ei(i < j)}. We denote by ei1 ∧ · · · ∧ eis the image of ei1 ⊗ · · · ⊗ eis in
∧
σ(V ).
So
∧
σ(V ) is an algebra generated by (ei) and the relations e
2
i = 0 and ej ∧ ei =
−q−1ei ∧ ej if i < j. And the set {ei1 ∧ · · · ∧ eip |1 ≤ i1 < · · · < ip ≤ N, 1 ≤ p ≤ N}
forms a linear basis of
∧
σ(V ). The algebra
∧
σ(V ) is called the quantum exterior
algebra over V .
We denote the increasing set (i1, . . . , is) by i and so on. For 1 ≤ i1 < · · · < is ≤
N and 1 ≤ j1 < · · · < jt ≤ N , we denote
(i1, · · · , is|j1, · · · , jt) =
{
0, , if i ∩ j 6= ∅,
2♯{(ik, jl)|ik > jl} − st, otherwise.
The q-flip T =
⊕
s,t Ts,t:
∧
σ(V ) ⊗
∧
σ(V ) →
∧
σ(V ) ⊗
∧
σ(V ) is defined by: for
1 ≤ i1 < · · · < is ≤ N and 1 ≤ j1 < · · · < jt ≤ N ,
Ts,t(ei1 ∧· · ·∧eis⊗ej1 ∧· · ·∧ejt) = (−q)
(i1,··· ,is|j1,··· ,jt)ej1 ∧· · ·∧ejt ⊗ei1 ∧· · ·∧eis .
Then (
∧
σ(V ),∧,T ) is a YB algebra. Moreover it is twisted commutative.
Lemma 14. Let σ be a braiding on V such that σ2 = id⊗2V . Then the braiding β
on T (V ) also satisfies that β2 = id⊗2
T (V ).
Proof. We prove the statement for βij by using induction on i+ j.
When i = j = 1, it is trivial since β11 = σ.
For i+ j ≥ 3, we have
βji ◦ βij = (βj−1,i ⊗ idV )(id
⊗j−1
V ⊗ β1i)(id
⊗j−1
V ⊗ βi1)(βi,j−1 ⊗ idV )
= id⊗2
T (V ).

If σ = ±τ , then σ2 = id⊗2V . For a general braiding σ, σ
2 is not necessarily the
identity map. The first nontrivial example where we nevertheless have involution
is the q-flip T , i.e., T 2 = Id.
Theorem 15. Let (V,m, σ) be a YB algebra. Then the quantum quasi-shuffle
algebra (T c(V ),⋊⋉σ, β) is twisted commutative if and only if (V,m, σ) is twisted
commutative and σ2 = id⊗2V .
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Proof. If (T c(V ),⋊⋉σ, β) is twisted commutative, then on V⊗V we have
m+ id⊗2V + σ = m+xσ
= ⋊⋉σ(1,1)
= ⋊⋉σ(1,1) ◦σ
= m ◦ σ + σ + σ2.
By comparing the degrees, we have that m = m ◦ σ and σ2 = id⊗2V .
Conversely, we use induction on i+ j where i and j are the powers of V ⊗i⊗V ⊗j .
When i = j = 1, it is trivial.
For i+ j ≥ 3, by the inductive relation (1), we have
⋊⋉σ(j,i) ◦βij
= (⋊⋉σ(j,i−1) ⊗idV )(βi−1,j ⊗ idV )(id
⊗i−1
V ⊗ β1,j)
+(⋊⋉σ(j−1,i) ⊗idV )(id
⊗j−1
V ⊗ β1,i)(id
⊗j−1
V ⊗ βi,1)(βi,j−1 ⊗ idV )
+(⋊⋉σ(j−1,i−1) ⊗m)(id
⊗j−1
V ⊗ β1,i−1 ⊗ idV )
◦(id⊗j−1V ⊗ βi−1,1 ⊗ idV )(id
⊗i+j−2
V ⊗ β1,1)(βi,j−1 ⊗ idV )
= (⋊⋉σ(i−1,j) ⊗idV )(id
⊗i−1
V ⊗ β1,j)
+(⋊⋉σ(j−1,i) ⊗idV )(βi,j−1 ⊗ idV )
+(⋊⋉σ(j−1,i−1) ⊗m ◦ σ)(βi,j−1 ⊗ idV )
= ⋊⋉σ(i,j) .

4. Basis coming from Lyndon words
In this section, we use quantum quasi-shuffle products and Lyndon words to
present a new linear basis of the tensor space T (V ) for a special kind of YB alge-
bras (V,m, σ). Let (V,m, σ) be a finite dimensional YB algebra with linear basis
(e1, . . . , eN ) and braiding of the following form: σ(ei ⊗ ej) = qijej ⊗ ei, where qij ’s
are powers of a fixed nonzero scalar q ∈ K and q is not a root of unity. For example,
(
∧
σ(V ),∧,T ) is certainly such a YB algebra.
T+(V ) = T (V )/K always has a K-linear basis
(I) = {ei1 ⊗ · · · ⊗ eim |m > 0, 1 ≤ i1, . . . , im ≤ N}.
The length of ei1 ⊗ · · · ⊗ eim is m and is denoted by |ei1 ⊗ · · · ⊗ eim | = m.
Given a total ordering on ei’s, for example, say e1 < e2 < · · · < eN , then there is
a total ordering on (I) provided by the lexicographic ordering, with the convention
that a ≤ a⊗ b for a, b ∈ T+(V ). Lyndon words of T+(V ) are defined as follows.
Definition 16. An element p in (I) is called a Lyndon word if, for any splitting
p = a⊗ b, with a, b ∈ (I), one has p < b.
Every p in (I) has a unique factorization with respect to Lyndon words. More
precisely, p can be written in a unique way as a tensor product of minimal number
of Lyndon words (see [9]). We call this the standard factorization of p. In fact,
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p = p1⊗ · · · ⊗ pr, where pi’s are Lyndon words, is the standard factorization of p if
and only if p1 ≥ p2 ≥ · · · ≥ pr. Denote the set of Lyndon words in (I) by L. Then
let
(I)′ = {l1 ⊗ · · · ⊗ lr | li ∈ L, l1 ≥ · · · ≥ lr},
we have (I)=(I)′.
Proposition 17. The set
(II) = {l1 ⋊⋉σ · · · ⋊⋉σ lr | li ∈ L, l1 ≥ · · · ≥ lr}
forms a K-linear basis of T+(V ).
Proof. First we note that (T c(V ),⋊⋉σ) is a filtered algebra with
T c(V )[n] :=
n⊕
i=0
V ⊗i, T c(V )[n] $ T c(V )[n+1],
and
T c(V )[m] ⋊⋉σ T c(V )[n] ⊂ T c(V )[m+n].
And the quantum shuffle algebra Tσ(V ) is a graded algebra with
T nσ (V ) = V
⊗n, Tσ(V ) =
∞⊕
n=0
T nσ (V ),
and
Tmσ (V )xσT
n
σ (V ) ⊂ T
m+n
σ (V ).
Moreover Tσ(V ) is the associated graded algebra of (T
c(V ),⋊⋉σ) with respect to
the above filtration, since for any l1 ⊗ · · · ⊗ lr ∈ V ⊗n,
l1 ⋊⋉σ · · · ⋊⋉σ lr = l1xσ · · ·xσlr mod T c(V )[n−1].
Hence (II) is a linear basis of T+(V ) if and only if
(III) = {l1xσ · · ·xσlr | li ∈ L, l1 ≥ · · · ≥ lr}
is a basis of T+(V ). For li ∈ L with l1 ≥ · · · ≥ lr, we have
l1xσ · · ·xσlr = al1 ⊗ · · · ⊗ lr +
∑
aw ∈ K,w ∈ (I),
w < l1 ⊗ · · · ⊗ lr
aww,
where a is a scalar. After collecting the same li’s, we rewrite l1 ⊗ · · · ⊗ lr =
p⊗n11 ⊗· · ·⊗p
⊗ns
s , where pi’s ∈ L ⊂ (I) and p1 > · · · > ps. Set pi = ej1⊗· · ·⊗ejmi and
Qi =
∏
k,l∈{j1,··· ,jmi}
qkl for 1 ≤ i ≤ s. Then a = (n1)Q1 ! · · · (ns)Qs !, where(n)ν =
νn−1
ν−1 and (n)ν ! = (n)ν(n− 1)ν · · · (1)ν . By the requirements for qij , we have that
a never vanishes. Hence the transformation matrix from (I)’ to (III) is triangular
with nonzero entries on its main diagonal, which implies that (III) is a basis of
T+(V ). 
14 RUN-QIANG JIAN, MARC ROSSO, AND JIAO ZHANG
Acknowledgements
The authors would like to thank the referees for useful comments and suggestions
which improved the presentation of this paper. R.-Q. Jian was partially supported
by the China-France Mathematics Collaboration Grant 34000-3275100 from Sun
Yat-sen University.
References
[1] Bradley, D. M.: Multiple q-zeta values, J. Algebra 283, 752-798 (2005)
[2] Ebrahimi-Fard, K. and Guo, L.: Mixable shuffles, quasi-shuffles and Hopf algebras, J. Alge-
braic Combin. 24, 83-101 (2006)
[3] Hashimoto, M. and Hayashi, T.: Quantum multilinear algebra, Tôhoku Math. J. (2) 44,
471-521 (1992)
[4] Hoffman, M. E.: Quasi-shuffle products, J. Algebraic Combin. 11, 49-68 (2000)
[5] Jian, R.-Q. and Rosso, M.: Quantum B∞-algebras I: constructions of YB algebras and YB
coalgebras, http://arxiv.org/abs/0904.2964v2
[6] Kassel, C.and Turaev, V.: Braid groups. With the graphical assistance of Olivier Dodane,
Graduate Texts in Mathematics 247, Springer, New York (2008)
[7] Loday, J. L.: On the algebra of quasi-shuffles, Manuscripta Math. 123, 79-93 (2007)
[8] Loday, J. L. and Ronco M.: On the structure of cofree Hopf algebras, J. Reine Angew. Math.
592, 123–155 (2006)
[9] Lothaire, M.: Combinatorics on words. With a foreword by Roger Lyndon and a preface by
Dominique Perrin. Cambridge University Press, Cambridge (1997)
[10] Newman, K. and Radford, D. E.: The cofree irreducible Hopf algebra on an algebra, Amer.
J. Math. 101, 1025-1045 (1979)
[11] Nichols, W.: Bialgebras of type one, Comm. Algebra 15, 1521-1552 (1978)
[12] Quillen, D.: Rational homotopy theory, Ann. of Math. (2) 90, 205-295 (1969)
[13] Rosso, M.: Quantum groups and quantum shuffles, Invent. Math. 133, 399-416 (1998)
Département de Mathématiques, Université Paris Diderot (Paris 7), 175, rue du
Chevaleret, 75013, Paris, France
E-mail address: jian@math.jussieu.fr
Department of Mathematics, Sun Yat-Sen University, 135, Xingang Xi Road, 510275,
Guangzhou, P. R. China
Current address: Department of Mathematics, DongGuan University of Technology, 1, Daxue
Road, Songshan Lake, 523808, Dongguan, P. R. China
Département de Mathématiques, Université Paris Diderot (Paris 7), 175, rue du
Chevaleret, 75013, Paris, France
E-mail address: rosso@math.jussieu.fr
Department of Mathematics, East China Normal University, Shanghai, P. R. China
Current address: Département de Mathématiques, Université Paris Diderot (Paris 7), 175, rue
du Chevaleret, 75013, Paris, France
E-mail address: zhangjiao@math.jussieu.fr
